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CHAPTER 2

Operations

A. Examples of Operations
1 a*b=/|ab] is not an operation on Q, because 2 * 1 = 1/[2|, but \/|2] ¢ Q.
2 a*b=alnb is not an operation on R+, because Va,b € R5o(b <1 — alnb ¢ Rs)
3 If a* b is a root of the equation 22 — a?b? = 0, * is not an operation on R, because Va,b € R(a #0Ab# 0 —
x = *ab)
4 Subtraction is an operation on Z, because Ya,b € Z(a — b € Z).
5 Subtraction is not an operation on Zxq, because e.g. 0 — 1 & Zx>.
6 axb=|a—b|is an operation on Zx>q, because Va,b € Z>(|la — b| € Z>¢).
B. Properties of Operations
lzxy=ao+4+2y+4
(i) * is not commutative.

rxy=x+2y+4
yxx=y+2x+4
TRy LY

(ii) * is not associative.

xx(y+2z+4)
r+2(y+2z+4)+4
=x+2y+4z+12
(x+2y+4)*z
r+2y+4+22+4
=r+2y+22+4+38
r4+2y+4z+12#c4+2y+22+8

(zxy)*z

(iii) R does not have an identity element with respect to .

rTxe==x
r+2e+4=x
2¢+4=0
e=—2

exxr =2x
et+2xr+4=x

e=—x—4#-=2

(iv) Since there is no identity element, there can be no inverses.
2rxy=x+2y—=xy
(i) = is not commutative.

Txy=a+2y —zy
yxxr=1y+2xr —yx
TkYFY*x
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(ii) * is not associative.

xx(yxz)=x*(y+2z—yz)
=x+4+2(y+2z—yz) —x(y+ 2z —yz)
=x+2y+4z —2yz —xy — 20z + xyz
(xxy)xz=(x+2y—ay)*z
=(x+2y —zy)+2z— (z+ 2y —xy)z
=x+2y+2z—2yz —xy — 2+ Yz

(iii) R does not have an identity element with respect to *.

rxe==x
r+2e—ze==x
2e —xe =0
e(2—1z)=0
e=0
exx =2x
e+2r—exr==x
e+xr—exr=0
e(l—xz)=—x

e=—-z(l—z)#0

(iv) Since there is no identity element, there can be no inverses.
3 zy=|z+y
(i) * is commutative.

Txy=|z+y
y*xx=ly+az|=|r+y
T*xY=Y*xT

(ii) * is not associative.

rx(y*z)=ax|y+az[=|z+]y+2]

(xxy)xz=lz+y[xz=|lz+yl+z|
r=0,y<0—zx*(y*xz)=|y+ 2|

(@ xy) =z =|lyl + 2|
y<0—=y#lyl = ly+zl #llyl + 2|

(iii) R has an identity element with respect to .

rTxe=2x
|z +el=x
e=0
exr=x
le+z| ==z

e=10
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(iv) Every x € R has an inverse with respect to .

zxx' =0
|z +2'| =0
2= —x

xx(—z)=|zr—2|=0
(—x)*xx=|—z4+2|=0
zxx’ =1’ xx
4 zxy=lz—yl
(i) * is commutative.
wry=lz—y|
y*x=ly—xzl
r=y—xzxy=20
yxx =0

If x <y then z = y + k, and:
wry=|(y+k) -yl =kl
yrx=ly—(y+k)=|-kl=|k|
THY=Y*T
fex=y:
zxy=ly—yl=0
yre=ly—yl=0
THY=Y*T
If x > y then y = = + k, and:
rxy=|r—(x+k)|=|-kl = k|
yrx=|(x+k)— =k
THRY=Y*T
(ii) * is not associative.
xx(yxz)=x*|y— 2|
= |z —ly— =l

(xxy)xz=|rx—y|*xz

= ||z —y| - 2|
Ifz=0and y <O0:
rx(yxz)=|-ly—zl[=ly—zl=(y—2)?
(zxy)xz=|l—yl — 2| = ly| — 2| = V(Jy| — 2)?
lyl #y

(iii) R does not have an identity element with respect to *.

Txe==x
|z —el =z
e=2x

(iv) Since there is no identity element, there can be no inverses.
S5xxy=xy+1
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(i) = is commutative.

rzxy=ay+1
yxr=yr+1=2y+1
THxY=Y*xT

(ii) * is not associative.

xx(y*xz)=xzx*(yz+1)

=z(yz+1)+1=zyz+z+1
(xxy)xz=(xy+1)*z

=(@y+l)z+l=ayz+2+1

(iii) R does not have an identity element with respect to .

Txe=2x
rze+1l=x
re=x—1
1
r=1—-—
T

(iv) Since there is no identity element, there can be no inverses

6 xxy=max{x,y} = the larger of the two numbers = and y
(i) * is commutative.

rxy=max{z,y}

max{y,z } =max{z,y}
TRy =Yy*T

Yxx =

(ii) * is associative.

xx(y*xz)=xxmax{y,z}

=max{z,max{y,z}} =max{z,y,z}
(xxy)*xz=(max{z,y})*z

=max{max{z,y},z}=max{z,y,z2}

(iii) R does not have an identity element with respect to .

Tr*e=

max { z,e }

T

=X

e={neR:n<zx}

(iv) Since there is no identity element, there can be no inverses
— _ =y
Trxy= - T

(i) * is commutative.

* xy
z =
Y e ry+1
ya y
YxT =

y+ax+1 :x—i—y—i—l
TRY=Yy*T
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(ii) * is associative.

Yz )
y+z+1
TYZ
y+z+1
yz
Tt g T
TYZ

r(y+z+1)+yz+(y+z+1)
TYz

zy+zrz+yz+r+y+z+1

(xxy)*z= <Iy)*z
r+y+1

TYZ
__mhydl
Ty
z+y+1 +z+1
xYZz

zy+zz+y+1)+z+(x+y+1)
Tyz

zy+zrzt+yz+rx+y+z+1
xx(yxz)=(xxy)*2z

xx(yxz)=axx*(

(iii) R does not have an identity element with respect to .

Txe==x
ze
"
r+e+1
ze=z(x+e+1)
e=e+zc+1

(iv) Since there is no identity element, there can be no inverses.
C. Operations on a Two-Element Set
Let A be the two-element set A = { a,b }.

TABLE 1. 04 TABLE 2. 09 TABLE 3. 03 TABLE 4. 04
(z,y) | wxy (z.y) [z*y (x,y) [Ty (z,y) |z xy
1 (a,a)|a (a,a) | a (a,a) | a (a,a) | a
(a,b) | a (a,b) | a (a,b) | a (a,b) | a
(bya) | a (b,a) | a (b,a) | b (b,a) | b
(b,b) | a (b,b) | b (b,b) | a (b,b) | b
TABLE 5. O3 TABLE 6. Og TABLE 7. 07 TABLE 8. Og
(z,y) |z *xy (z,y) [zxy (z,y) |z *y (z,y) |z *xy
(a,a) | a (a,a) | a (a,a) | a (a,a) | a
(a,b) | b (a,b) | b (a,b) | b (a,b) | b
(b,a) | a (b,a) | a (bya) | b (b,a) | b
(b,b) | a (b,b) | b (b,b) | a (b,b) | b
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TABLE 9. 09 TABLE 10. 019 TABLE 11. 013 TABLE 12. 0,
(z,y) | zxy (z,y) [z*y (z,y) [z*y (z,y) | zxy
(a,a) | b (a,a) | b (a,a) | b (a,a) | b
(a,b) | a (a,b) | a (a,b) | a (a,b) | a
(b,a) | a (b,a) | a (bya) | b (bya) | b
(b,b) | a (b,b) | b b,b) | a (b,b) | b
TABLE 13. 013 TABLE 14. 0q4 TABLE 15. 015 TABLE 16. 0,
(@,y) | z*y (z,y) |z*y (z,y) |z *y (,y) | z*y
(a,a) | b (a,a) | b (a,a) | b (a,a) | b
(a,b) | b (a,b) | b (a,b) | b (a,b) | b
(b,a) | a (b,a) | a (b,a) | b (b,a) | b
(b,b) | a (b,b) | b b,b) | a (b,b) | b

2 Commutativity
01 is commutative: axb=a =bx*a
05 is commutative: axb=a =bxa
03 is not commutative: axb=a #b=0bxa
04 is not commutative: axb=a#b=0bx*a
05 is not commutative: axb=b#a=0bx*a
0g is not commutative: axb=b#a=bxa
07 is commutative: axb=b=bx*a
Og is commutative: axb=b=bx*a
09 is commutative: axb=a =bxa
010 is commutative: axb=a=bxa
011 is not commutative: axb=a #b=bx*a
012 is not commutative: axb=a#b=bxa
013 is not commutative: axb=b#a=bxa
014 is not commutative: axb=b#*a=bx*a
015 is commutative: axb=b=bx*a

e 016 is commutative: axb=b=bxa
3 Associativity

e ()1 is associative:

Ve,ye Alzxy=a—xx(y*xz)=x+a=a=axz=(x*y)*2)
e ()5 is associative.
x(axa)=axa=(a*xa)xa
a*(a*b

)
x (bxa)
x(bxb)=axb=(a*xb)xb

=axa=axb=(axa)xb

=axa=(axb)xa

b*(a*a)—b*aza*a:(b*a)*a

b*(a*b)—b*aza*b:(b*a)*b
(b*a)*b*a:(b*b)*a
*x(bxb)=bxb=(bxb)xb

e 03 is not associative: b (axb) =bxa=b#a=bxb=(bxa)xb
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e (), is associative.

a*(a*a)—a*az(a*a)*a
x(axb)=axa=axb=(axa)x*b
a*(b* a)=axb=a*xa=(axb)x
a*x(bxb)=axb=(a*xb)*b
x(axa)=bxa=(bxa)*a
x(axb)=bxa=bxb=(bxa)xb
x(bxa)=bxb=bxa=(bxb)xa
)

*x(bxb)=bxb= (bxb)xb

e 05 is not associative: b* (axb) =bxb=a#b=axb=(bxa)
e (g is associative.

x(axa)=axa=(axa)*a
x(axb) =axb=(axa)*b
a*(b*a):a*azb*a:(a*b)*a
a*(b*b)—a*bz(a*b)*b
) bxa)*a
bxa)*b
bxb)xa
bxb)*b

(a*a =bxa=
*x(axb) =bxb=
(b*a)—b*az

b*(b*b)zb*bz

~—~ o~ —~~

e ()7 is associative.

(a*a)—a*az(a*a)*a
x(axb) =axb=(axa)xb
x(bxa)=axb=bxa=(axb)xa
*(b*b):a*azb*b:(a*b)*b
x(axa)=bxa=(bxa)xa
b*(a*b):b*b:(b*a)*b
x(bxa)=bxb=axa=(bxb)xa
x(bxb)=bxa=axb=(bxb)xb

e (g is associative.

x(axa)=axa=(axa)*a
x(axb)=axb=(axa)x*b
a*(b*a)—a*bzb*a:(a*b)*a
x(bxb) =axb=bxb=(axb)xb
x(axa)=bxa=(bxa)x*a
*x(axb)=bxb=(bxa)xb
b*(b*a)—b*bzb*a:(b*b)*a
x(bxb) =bxb=(bxb)*b

e (g is not associative: a* (axb) =axa=b#a=bxb=(axa)

*b

*b

11
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e (( is associative.

ax(axa)=axb=bxa=(ax*xa)*a
ax(axb)=axa=bxb=(ax*xa)xb
a*x(bxa)=axa=(axb)xa
ax(bxb)=axb=(axb)*b
bx(axa)=bxb=axa=(b*xa)xa
bx(axb) =bxa=axb=(bxa)xb
bx(bxa)=bxa=(bxb)*xa
bx (bxb)=bxb=(bxb)xb

e 017 is not associative: a* (a*xa) =axb=a#b=bxa=(axa)*a
e 035 is not associative: a* (bxa) =axb=a#b=axa=(axb)xa
e 013 is not associative: a* (a*xa) =axb=b#*a=bxa=(axa)*a
o 014 is not associative: a* (bxa) =a*xa=b#a=bxa= (axb)*a
e 015 is not associative: ax (a*xa) =axb=b#a=bxb=(axa)xb
e (16 is associative:
Ve,y€ Alzxy=b—-axx(yxz)=xxb=b=bxz=(xxy)*2)
4 Identity

e A does not have an identity element with respect to 0.
e A has an identity element with respect to 0.

Txe=2=x
axb=a
bxb=">

e=1b
exx =2
bxa=a
bxb="b

e=5b

A does not have an identity element with respect to 03.
A does not have an identity element with respect to 04.
A does not have an identity element with respect to 0.
A does not have an identity element with respect to Og.
A does not have an identity element with respect to Oy.
A has an identity element with respect to Og.

rT*e=2x
axa=a
bxa=2>b

e=a
exr=umx
axa=a
axb=1">

e=a

e A does not have an identity element with respect to Og.
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e A has an identity element with respect to 01¢.

Txe=2=x
axb=a
bxb="5

e=1b
exx =2
bxa=a
bxb="b

e=5b

A does not have an identity element with respect to 011.
A does not have an identity element with respect to 012.
A does not have an identity element with respect to 013.
A does not have an identity element with respect to 014.
A does not have an identity element with respect to O1s.
e A does not have an identity element with respect to 014.
5 Since A only has identity elements with respect to Oz, Og, and 019, the rest cannot have inverses. As it turns
out, with respect to those three operations, it is not the case that every x € A has an inverse.
D. Automata: The Algebra of Input/Output Sequences
Let A be an alphabet and A* be the set of all sequences of symbols in the alphabet A. There is an operation on
A* called concatenation: If a and b are in A* say a = aas...a, and b = b1bs...b,,, then

ab = ajas...a,b1bs...b,,

The symbol A denotes the empty sequence.
1 Concatenation is associative.

a(be) = a(byby...bycica...cr) = aras...anbiba...bycica...ck
(ab)c = (a1as2...a,b1ba..by)c = agas...anbba...byc1ca...ck
a(be) = (ab)c
2 Concatenation is not commutative.
ab = ajas...a,b1bs...b,,
ba = b1by...bpa1as...a,
ab # ba

3 A is the identity element for concatenation: zA = Az = =






CHAPTER 3

The Definition of Groups

A. Examples of Abelian Groups
1 (Rozxy=x+y+k)
(i) = is commutative: zxy=2x+y+k=y+az+k=yx*x
(ii) * is associative.
x(yz) =xz(y+z+k)=x+y+2z+2k
(xy)z = (x+y+k)z= (xy)z
x(yz) = (zy)z

(iii) R has an identity element with respect to .

re =2
r+et+k==x
e=—k
(—k)z ==z
—k+zx+k==x
(iv) Vo € R(32’ € R(z &’ = —k))
xx' = —k
z+a +k=—k
' =—x -2k
2’z = za due to commutativity

2 RYzxy= %>
(i) * is commutative: xxy = 5 = & =yx*x
(ii) * is associative.

N
x*(y*z)_x*(2)— 1
oy, e
(z*y)*z—(2)*z— 1
(iii) R* has an identity element with respect to .
. re ex .
THxe=—=-—=¢e*xTr =2
2 2
e=2
(iv) Ve € R(Az’ € R(z 2’ = 2))
! !
pxr =22 T i —e=2
2 2
4
==

3 {{zeR:x#-1},zxy=c+y+uazy)

(i) * is commutative: zxy =z +y+ay=y+z+yr=yxz

(ii) = is associative.
zx(yxz)=x*xy+z+tyz)=ax+y+z+yz)+azly+z+yz)=cz+y+z+ay+azz+yz+ayz
(zxy)*xz=(r+yt+ay)xz=(z+y+tay)+z+(@+y+tay)z=ac+y+z+azy+zz+yz+ayz

15
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(i) {x € R: 2z # —1} has an identity element with respect to *.

rx¥e=x+et+re=e+rt+er=exr==x
e(x+1)=0
e=20

(iv) Every element of { x € R: z # —1 } has an inverse with respect to .

exx' =z+2 vz’ =2 ' +rx+2r=e=0

d(x+1)=—
,_
z+1
4 <{x€R:—1<x<1},x*y:f;jry1>
Tty _ y+z

(i) * is commutative: z *xy = =y*x

zy+1 — yz+1
(ii) * is associative.

y+z)_ :U—&—(yyzfl) ayzta+ytz
yz+1" (Y41 ay+az+yz+1

x(yxz) =xx*(

yz+1
+
(xxy)xz= Tty xz = (fy+y1)+z _ rtytztayz
ry+1 (§J1y1)2+1 xy+yz+xzz+1

(iif) {x € R: =1 <z < 1} has an identity element w.r.t. =.

xr+e
Trxe= =
e+ 1
z+e=x(ze+1)
e =ex?
e(l—2%) =0
e
* 0 v+ 0 O+ 0 %
x = =T = = €T
(xx0)+1 Oz +1

(iv) Every element of { x € R: —1 < 2 < 1} has an inverse with respect to *.

/
x*x':x—i—x =0; z4+2' =0, z'=-2
zx' 4+ 1
r— -+
— = =0= = (—
T (—x) P o (—x) xx

B. Groups on the Set R x R
1 (a,b) * (¢,d) = (ad + be, bd), on the set { (z,y) eRxR:y#0}
(i) * is commutative.
(¢,d) * (a,b) = (cb+ da,db)
= (ad + bc, bd)
= (a,b) x (¢,d)

(ii) * is associative.

(a,0)  [(c,d) * (e, f)] = (a,b) « (cf + de, df)
= (adf + bef + bde, bdf)
= (
=

ad + be, bd) * (e, f)
(a,0) (¢, d)] * (e, f)
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(iii) (e1,e2) = (0,1)

(a,b) % (e1,e2) = (aes + beq, bes)
= (a,b)

begzb

€9 =
aes +ber = a

a+ber =a

61:O

(a,b) * (a’,b") = (ab’ + ba’, bb")

:<0’1)
b =1
1
-
b
abl +ba’ =0
%—Fba’:O
r_ @
ba' = 5
—a
a/:bT
—a 1 a —a 1
w0+ (55)= (55 (5))
:(071)

2 (a,b) * (¢,d) = (ac,bc + d), on the set { (z,y) e RxR:2#£0}
(i) * is not commutative: (c,d) * (a,b) = (ca,da 4+ b) # (a,b) * (¢, d)
(ii) = is associative.

[(aa b) * (Cv d)} * ( ) (QC be + d) (e f)
= (ace,bce + de + f)

= (a,b) * (ce,de + f)
= (a,b) x [(c,d) * (e, [)]
(iii) (e1,e2) = (1,0)

(a,b) % (e1,e2) = (ae1, bey + e2)

:(avb)
ae; = a
61:1

b€1+€2:b
b+ey=0

62:0

17
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(a,b) * (a',b") = (ad’,ba’ +b")

= (1,0)
aa’ =1
a = 1
a
ba' +v =0
é+b’—0
a
-
a
1 b ab b
(a,b) * (E 7)—(5,5—;)
= (1,0)
3 (a,b) * (c,d) = (ac,bc + d), on the set { (x,y) e Rx R}
(i) * is not commutative, as per 2(i)
ii) * is associative, as per 2(ii)
(iii) (e1,e2) = (1,0), as per 2(iii).
(iv) o' is not defined Va € R, notably when a = 0.
4 (a,b) * (¢,d) = (ac — bd,ad + bc), on the set { (xz,y) € (R x R)\ {(0,0) } }

(¢,d) * (a,b) = (ca — db, cb + da)
= (ac — db, ad + be)
= (a,b) x (¢,d)

(ii) * is associative.

(a,b) x [(¢,d) * (e, f)] = (ac — bd, ad + bc) * (ce — df, cf + de)
= (a(ce — df) — b(cf + de),a(cf + de) + b(ce — df))
= (ace — adf — bef — bde, acf + ade + bce — bdf)
= (e(ac — bd) — f(ad + be), f(ac — bd) + e(ad + be))
= (ac — bd, ad + be) x (e, f)

= [(a,0) (¢, d)] * (e, f)

(iii) (e1,e2) =(7,7)

(a,b) * (e1,e2) = (ae; — bea, aes + bey)

:(a’b)
aes +be; = b
be; = b — aeq
ae
e=1-7"

ae1 —bes = a
—bey = a — aey

bes = ae; —a
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C. Groups of Subsets of a Subset
1 The identity element with respect to the operation -+ is 0.

A+T=(A-DNHUI—-A)=A

=A-0)uI—-0)
I=10
2 (2P, +) is a group, since VA € 2P, A71 = A.
A+ A7 =0

(A-AHUAT—A) =0

A—Al=A—A=0

ATt=4
3 LetD:{a,b,c}

P={0{a} {b} {c} . {ab} {ac} {bec} {abc}}

TABLE 1. (2P, 4)

+ 0 {a} {o} {c} {a,0}  {acc}

0 0 {a} {o} {c} {a, b} {ac}

{a} {a} 0 {a,b}  {acc} {v} c}

{o} {v} {ab} 0 {bec} {a}  A{abc}

{c} {c} {a,e}  {bec} 0 {a,b,c} at
{a,b} | {ab} {o} {a}  A{abc} 0 {bc}
{a,ct | {ac} {et  A{abe}  {a} {bc 0 ,
{b,c} {bc} {a,b,c} {c} {b} {a,c} {a,b} 0
{ab,e} | {abc} {bec} {ac} {abd} {e} {v} a

D. A Checkerboard Game

U<~ ~
Do~ <<

19

As shown in the Cayley table above, the identity element is I and every element is its own inverse. Having shown

that and granting associativity, (G, ) is a group.
E. A Coin Game
TABLE 3. (G, %)

* I M1 MQ Mg M4 M5 MG

M

T | I M, M M; M, M, M
M, | My, I M; My, Ms M, M;
M, | My My I M, Mg M, M
My | Ms My M, I M; Mg Ms
My | My, Mg Ms M; I M, M,
Ms | Ms M; My, Mg M, M; I
Mg | Mg My M, Ms M, I M;
M; | My Ms Mg My, M; M, M,

M~
Mg
Ms
My
M3
M,
M,
I

As shown in the Cayley table above, the identity element is I and every element is invertible. Having shown
that and granting associativity, (G, *) is a group. It is not commutative, because, for example Mg * My = My, while

My x Mg = My, so Mg x My # My x M.
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FIGURE 1. (r,s,t | r%,5%,12,(rs)*, (st)?, (rt)?)

F. Groups in Binary Codes
1 (a1,a9,...,ap)
b1,a9+bo, ...,
to (bl,bg,...
2

+ (b17b27

(a1,a9,...;a,) +

[(bl,b% ()

1

AN /

M, M;

Mg ——— M7

/ AN

M2 M3

,bn) = (bl,bg, ,bn) + (al,ag, .

, Q).

+(141)=140=1=0+1=(1+1)+1
+(1+0)=141=0=0+0=(1+1)+0
+(0+1)=141=0=1+1=(140)+1
+(1+1)=040=0=1+1=(0+1)+1
+(040)=140=1=140=(14+0)+0
+(0+1)=04+1=1=0+1=(04+0)+1
+(14+0)=04+41=1=140=(0+1)+0
+(0+0)=04+0=0=0+0=(0+0)+0

bn) + (c1,¢2, ..., cn)] = (a1, a2, ..., a,)

= (a1 + by,as + bo, ...,

= [((11, ag, ..., an)

( + (b1 4+ c1,b2 + ca, ...,
= (a1 + b1 +c1,a2 +ba+cay ..y

( an +by) +
+ (b1,bo, ...

an), since the left-hand side is equivalent to (a; +
ap, +by,), which by commutativity is equivalent to (b1 + a1, bs +as, ...,
,bn) + (0,1, as, ...

by, + ay,), which is equivalent

by, + ¢n)

G + by +cp)
(Cl7 Coy..ny Cn)
o)) + (c1,¢2, .05 00)

4 The identity element of B", that is, the identity element for adding words on length n, is 0™.

5 The inverse, with respect

to word addition, of any word (aq, ...

6 a+b=a+ (—b), sinceb=—-b. Thusa+b=a—b.

7

at+b=c
a+(-b)=c
a—b=c

a=b+c

,an) is (a1, ...,



3. THE DEFINITION OF GROUPS

G. Theory of Coding: Maximum-Likelihood Decoding
TABLE 4. Parity check equations in Cy

Cl Qa4 a1+a3 a4:a1+a3 as a1+a2+a3 a5:a1+a2+a3
00000 | O 0+0 v 0 04+0+0 v
00111 | 1 0+1 v 1 04+0+1 v
01001 | 0 0+0 v 1 0+14+0 v
1 01110 1 041 v 0 0+1+1 v
10011 | 1 140 v 1 1+0+0 v
10100 | O 1+1 v 0 1+0+1 v
11010 | 1 1+0 v 0 1+1+0 v
11101 | O 1+1 v 1 1+1+1 v
2 (a)
Cy = { 000000, 001001,010111,011110, 100011, 101010, 110000, 111101 }
TABLE 5. Distance in Cy
d(a,b) | 000000 001001 010111 011110 100011 101010 110000 111101
000000 2 4 4 3 3 2 )
001001 2 4 4 3 3 4 3
010111 4 4 2 3 ) 4 3
(b) 011110 | 4 4 2 5 3 4 3
100011 3 3 3 5 2 3 4
101010 3 3 ) 3 2 3 4
110000 2 4 4 4 3 3 3
111101 ) 3 3 3 4 4 3

The minimum distance of the code Cy is 2.
(¢) Since the minimum distance is Cs, one error is sure to be detected in any codeword of Cs.
3 C3 =1{0000,0101,1011,1110 } where a3 = a1 and ay = a1 + as.
TABLE 6. Distance in Cs

d(a,b) [ 0000 0101 1011 1110

0000 0 2 3 3
0101 2 0 3 3
1011 3 3 0 2
1110 3 3 2 0
min d(a,b) =2
acCs,a#b

11111 — 11101
00101 — 00111
11000 — 11010
10011 — 10011
10001 — 10011
10111 — 10011 or 00111






CHAPTER 4

Elementary Properties of Groups

A. Solving Equations in Groups
1

arb=c

ax = cb™?

r=a teb !

22b = xza" e

zb=a"lc

r=ateb !

acr = xac

rTacr = .132CEC

22a = bre~

z2ac = bz

1

racx = bx
zac=>b

x = blac)™!
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B. Rules of Algebra in Groups

(o) Al ) e )
1))

1 A%2= <(1) é)( ) < > ~but A#e sor?=ec =~ v=c. ]
2 A2=1>but A#1I s0o22=a%2 =~ z=a. |
3 (AB)? =K? =1, and A?B? =ID = D, but I # D, so (ab)? = a?b? is not true in every group G.' ]
42°=0 = z=¢
=z
xx =1
zxx~ ! = zx!
re=e
x=e
|
TaBLE 1. {I,A,B,C,D,K},-)
-|/T A B C D K
I|I
A I
5 B D
C I
D B
K 1
As shown in the table, there does not exist an x € G such that x = y? for y € { A,C,K }.
Therefore — (Vm eqG, yedG (a: = yz)) |
6
y=xz
xily =z lzz
z=a"ly
Therefore, for all z,y € G, there exists a z € G such that y = zz. |

L(ab)2 = a2b? is only true in abelian groups.
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C. Elements That Commute
1 a vt =(ba)"t =(ab)"t =b"ta"?
2 Since a = b~tba = b~tab, ab=t = (b=tab)b~! = b la.
a(ab) = a(ba) = (ab)a
(raz= 1) (xbz~ ') = za(ztz)br™ = z(ab)z™! = 2(ba)r™! = xb(x " z)az~! = (zba~1)(zaz™ 1)
ab=ba <= aba"!=1b
PRrROOF. First, assume ab = ba. Multiplying by a~! on the right shows ab = ba = aba~! = b. Next,
assume aba~! = b. Multiplying by a on the right shows aba™' =b = ab = ba. |
6 ab="ba <= aba bl =¢
PRrROOF. First, assume ab = ba. Multiplying by ¢! on the right yields aba~' = b. Then multiplying by b~*
on the right yields aba='b~! = e. Thus ab = ba = 2. Next, assume aba~'b~! = e. Multiplying by b on the
right vields aba~! = b. Then multiplying by a~' on the right yields ab = ba. Thus aba " 'b"!' =e = ab=ba
and ab = ba <= aba"'b! =e. |
D. Group Elements and Their Inverses
lab=e = ba=ce
PROOF. If ab = e, then ab = aa™"', so by the cancellation law, b=a"! and a = b~ .
Thus, bb~! = e = ba = e, as desired. |
2 abc = e = cab = e and bca = e.
PRrROOF. If (ab)c = e, then (ab)c = (ab)(ab)~!, so by the cancellation law, ¢ = (ab)~! = b~ta~?
Thus, (ab)~!(ab) = e = c(ab) = e, and b(b"la"Y)a =e = cba =e. ]

Uk W

1

4 Let G be a group such that zay = a~! for all a,z,y € G. Prove that yar = a™!

as well.

PROOF. If xay = a~ !, then (zay)a = a~'a, so by the definition of inversion, (zay)a = e. Thus
x~Y(xzay)axr = 7 ex, so by associativity and the definition of the identity element, (z7'z)a(yaz) = ¢ <=
ea(yaxr) = e <= a(yax) = e. Multiply by a=! on the left to obtain a='a(yaz) = a~'e, so by the definition
of inversion, yaz = a~*!. [ |

5 Leta=a"',b=>b"1, and c = ¢~ '. If ab = ¢ show that bc = a and ca = b as well.

ab=c
abb™t =cb™' =cb
a=cb
al=b"tet =be
bc=a
ab=c
R
ba~l=c
ba"ta = ca
ca=1"b

6 Let abc = (abc)~ !, show that bca = (bca)~! and cab = (cab)~*.

abc = (abc)™!

bea = a~ ' (abc) " a
=a !(be)™?
= (bca)™?

bea = (bea) ™!

cab = b~ *(bca) b
=b"Y(ca)™?
= (cab)™?

7 Let a =a! and b = b1, show that (ab)~! = ba.
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PROOF. Replace a and b with their inverses on the right-hand side of (ab)™ = b~ta~! to obtain (ab)~! =
ba. |

8a=a'!+= a’=¢
PROOF. If a = a™', then a? = e by multiplying by a on the right. If a®> = e, then a = a~! by multiplying
by a~! on the right. |

9 Let ¢ =c~!. Prove ab=c <= abc = e.
PROOF. If ab = ¢, then ab = ¢!, since ¢ = ¢~'. Multiply by c on the right to obtain abc = e. If abc = e,
then abc™! = e since ¢ = ¢~!. Multiply by c on the right to obtain ab = c. [ |
E. Counting Elements and Their Inverses
1 Prove that in any finite group G, 2 | |{ reG:x#a! }|
PRrOOF. Bydeﬁnition,G:{xGG:x:afl}U{xGG:x;«éafl }
Therefore, Vo € G (a: =z7lv (:c £r ATy eq (y £ax Ny = mfl))).
So, [{zeG:ax#at}| = |{xo,x5" 21,27 22,25 " w3, 25" ... }| = 2k. [ ]
2 Prove |[{ # € G: 2 = 27" }| has the same parity as |G|.
PROOF. Since |G| =[{zeG:a=a7}|+|[{zecG:a#a}|
and H reG:x Azt }| is even, |{ reG:ix=x""! }| has the same parity as |G|. ]
3 Prove 2| |G| = Fx€G(z#enz=a"").
PROOF. If 2| |G| then 2 | [{z € G:a=a"'}|. Sincee=e",2{[{z e G:a#eAxz=2""}|and thus
JrxeG(z#ens=at). |
4 Given a finite abelian group G = { e, a1, aa, ...a, }, prove (ajas...a,)* = e.

(ar1az...a,)* = (a1a9...a,) (a7 ay by, b)

-1
n

= alal_laga;l...ana
= ee...e
=e
|
5 Prove Ve € G (ac *e = x # :1:_1) = a1a9...a, = €.
PROOF. Assume Vz € G (a: #Fe = x# x_l). Then Vx € ajas2...a, (Ely € a1as...ay, (x ZYyNy= x_l)).

So ajas...a, can be rewritten alaflagag...an/ga;}z, which reduces to e. |
6 Prove that if there is exactly one = # e in G such that z = z~! then ajas...a, = .
PROOF. ajas...a, can be rewritten xalaflagagl...an/ga;}w which is equivalent to ze. |
F. Constructing Small Groups
1a,beG
(a) Prove a® =a = a=ce.
PROOF. Assume a? = a. Divide by a to get a = e. ]

(b) Proveab=a = b=ce.

PROOF. Assume ab = a. Multiply by a~! on the left to get a 'ab=a"la=b=c. ]
(c) Proveab=b = a=ce.
PROOF. Assume ab = b. Multiply by b~! on the right to get abb™' =b"'=a =e. [ |

2

3 There is exactly oneo group with three distinct elements.
TABLE 2. Multiplication Table for Z3



https://nathancarter.github.io/group-explorer/Multtable.html?groupURL=https://nathancarter.github.io/group-explorer/groups/Z_3.group
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4 There is exactly one group G with four elements, such that Va € G(zx = e).
TABLE 3. Multiplication Table for vy

~|eabc
ele a b ¢
ala e ¢ b
b|b ¢ e a
clec b a e

5 There is exactly one group G with four elements, such that 3z € G(x # e A xzx =€) and Jy € G(yy # e).
TABLE 4. Multiplication Table for vy

o T o0

QO "R o0
O 0O Q|
2@ 0o o T
o a6

6 ..

G. Direct Products of Groups
1 Prove that G x H is a group.
PROOF.

(G1)
(w1,91) [(z2,¥2) (23, y3)] = (71, y1) (2273, Y2y3)
= (z12223, Y1Y2Y3)
= (2172, y192)(73,Y3)
= [(w1,y1) (%2, y2)] (23, y3)

(G2) Let e be the identity element of G, and ey the identity element of H. The identity element of G x H
is (eq,em).

(I’y)(ereH) = (meryeH) = (may)

(ec.en)(@,y) = (ecz,eny) = (2,y)
(G3) V(a,b) € Gx H ((a,b)"t = (a1,b71))

(a,b)(a™ 1,071 = (aa 1,071 = (eg,en) = eaxn

(ail,bfl)(a,b) = (aila,bflb) = (eg,eH) = eGxH


https://nathancarter.github.io/group-explorer/Multtable.html?groupURL=https://nathancarter.github.io/group-explorer/groups/V_4.group
https://nathancarter.github.io/group-explorer/Multtable.html?groupURL=https://nathancarter.github.io/group-explorer/groups/V_4.group
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